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ABSTRACT ’
, > This document describes the nature cf tte Third
Assescsment of Mathematics for the National Assessment of Educational
Progress. Infcrmation about the first two assessménts is rrevided to

T give backgrcund information and details on the frameddrk for the

- third assessment. It is noted that objectives for tlé tkizd

r assessment are based on the second, with revisions that reflect

current content and trends in school mathematics. InfcXraticn about

D .the content domain is provided, witt the six content.categories

N discussed: numbers and nameration: wariables and relaticnshipss

shape, size, and position: measuremént: probability and statistics:

and téchnology. Technology is méasured by assessing the use of
calculators and computer literacy. Five categories ip the process .
domain are reviewed: knowledge, skill, understanéing, application and

- ‘probles solsing, and attitudes towards mathematics. Cuestions to be
ansvwered within each of the process categories are listed. The first

of two appendices lists advisory cosmittee members and consultants.

The second provides additional information on three assessment

topics: attitudes, the calculator, and estimation skills. (MF)
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- CHAPTER X

THE: FIRST ASSESSMENT
. OF MATHEMATICS (1972-73)
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The National Assessment of Educational Progress conducted the first assessment of mathe-

N, Len sae

. .matics during the 1972-7 3, school year. The ob]cgtms for that assessment were developed
by two educational tcstmg contractors. Educational Testing Service and Psychological Cor-
poration. Each contractor independently developed a set of objectives, relying on its staff,
mathematicians and mathematics educators. The final sets of objccti\c§ were reviewed by
panels of interested lay citizens to decide which set to use in the assessment. Panel mem-
Jbers were evenly divided in their preference for the two sets of objectives. In the absence
___of a strong preference, the Psychological Corporation was asked to continue the develop-
ment of objectives, and in 1968, completed its revision of the objectives. The revision, to-
gether w ith objectives selected from the Educational Ttstmg Service's version, was com-
pllcd ‘nto a final statement of objectives for the first assessment of mathematics. A booklet
containing the statement was published in 1970. :

When the objectives for mathematics were first formulated, they were compared with
other stateiments of objectives that had appeared in mathematics cdication literature dyr-
ing the prcwding 25 )’Lars. The objctti\cs for the first asscssmcnt were Lunsistcnt with ob-
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A three-dimensional classification scheme ‘was used to categorize the mathematics objec-

tives for the first assessment. One dimension of the scheme was “Uses of Mathematics,”
o

which was divided into three ma]or categories:

. °

."

Social mathematics (the mathematics needed for personal living and effective citi-
u.mhlp in our society). ,
Technical mathematics (the mathematics necessary for various skilled jobs and

Lo DN A

~Academic mathematics (the formally structurl-d mathematics that provide the basis

w3 e

professions). - -

for an understanding of various matheratical processes).
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inother dimension of the mattix was “Content.” The-content areas were:

leinbei*sand numeration concépts.
Propemes of numbers and operations.
. Anthmctlc co'nputatlons.
"4 Sets N
.5———-I:st1matlon—and measuremcnt.-m L A
6.  Exponents and logarithms. ’
Algebralc éxpressions.
‘!:quatlons and inequalities.

Functions. : ~s

Probability and statistics.

Geometry. -

Trigonometry. ' .

Mathematical proof. .

Logic.

Miscellancous toplcs
“Business and consumer mathematics. . -

Attitude and interest.

o . b
The, third dimension of the assification scheme consisted of six cognitise *Objectives or
Abilities™ *

t.  Torecall andfor rcwgmzc definitions, facts and sy mbols
2. To perform mathematical manipulations.
3.*  Tounderstand mathematical concepts.

4 Tosolve mathematical problems — social, technical and academic.

5. To use mathematics and mathematical reasoning to analyze problem situations, de-
fine problems, formulate hypotheses, make decisions and erify results.

*

To appreciate and use mathematics.

£
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h
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.
During the dovelopment. and roview of the exercises, the content and ability dimensions of
the Jassification scheme were the most useful. The exerdise deselopers tended not to use
-the first dimension, uses of mathematics, when classifying exercises. This first dimension
tended to pose too many restrictions on «xerdise dosclopment to make its use w orthwhile.
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Although the exercises were lassified by content and abilicy, not all content areas or abili-

‘ties were assessed cequally. Certain content topics were purposely measured in more detail

than others. Furthermore, even though the objectives were intended to include all the

mathematics taught in the nation’s schools, it was impossible to measure every objective in

dcpth Little emphasis, for example, was placed on the topics of trigonometry and logic.

The content area of “attitude and interest” and the related ability of “appreciation and use
o ® . 7 )
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Cof mathematlcs were not measured because the exercises dc\relopcd to assess these w ere
’ cons:dercd madt ‘quate. R

= <

.

- . . N g . . Ny . \\
. Approximately half of the exercises used in the mathematics assessment were released to

the public. These exercises were included in various mathematics reports and made avﬂl-

. able to individuals, groups and states for their own uses. The unreleased exercises w ere

used again in the second assessment of mathematics to measure changes in educational at‘

.tainments. A general survey of the results of the first mathematics assessment is provided
in The First Natonal Assessment of Mathemiaucs. An Overview (1975).! The text of each released

exercise and accompanying documentation including results can be found in the Mathemat-
ics Techmical Report. Exercise Yolume (197;.. Data are provided for all of the mathematics exer-
cises, but the exact text and scoring guides are provided for the released exercises only.

2
»

Results .oncerning computational abilitics of “young Americans are presented and dis-
cussed in a spedial report, Math Fundamentals. Selected Results From the First National ssessment
of Mathematics (1975). The results concerning consumen mathematics are presented and dis-
cussed in Consumer .Hath. Selected Results From the First Natonal Assessment of Mathematics
(1975). In addition, National Assessment has produced computer data tapes cuntaining re-
spondent-level data for the exercises that were reassessed in 1977-78. These datd tapes are
available to any rescarcher who wishes to condiict further analysis of the data.2

National Assessment has worked dosely with a panel of mathematics LdUtat()TS from the
National (.ounul of Teachers of Mathematics (NCTM) who studicd the data in order to
draw implications from the results of the first mathematics assessment. The NCTM panel
presented summarics of its findings in the Getober 1975 issues of T)n-\imhmcm Teacher and
The Mathematus Tea.her. Additional bricf articles on speaific content topus Were prese nted
in the October 1975 through May 976 issues of The Arthmetic Teacher. These articles sug-
gest some of the ways mathematics teachers might use mfurmatlun frum the first assess-
ment to improve teaching. Rtfcmnus for these articles are found in the section at the back
of this booklet entitled “List of References.” N

¢

>

*National Assessment reports can be ordered through the Supenntndint of Documints, U5 Government
Printing Officc, Washingtun, D.C. 20402 or the Natwnal Assessmunt of Lducational Progress, Suite joo, 1860
Lincoln Street, Denver, Colorado 80295, ) .

Data tapes are avatlably, at a chargy, through the Department of Uscr Survices, National Asscssmuont of Educa-
tional Progress, Suite 700, 1860 Lincoln Strevt, Denver, Colorado 8o294.
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“of exerdises, selecting the final exercises and planning the subsequent reports.

CHAPTER 2

THE SECOND ASSESSMENT
OF MATHEMATICS (1977-78)

"
Unlike the first assessment, which made use of outside contractors, the objectives and ex-

ercises for the second assessment were developed through‘ conferences organized by the

National Assessment of Educational Progress. The conference procedure was intended to.

give the assessment greater flexibility, involse more professionals in mathematics and edu-

i cation and be more efficient in cost and time.

- 1

Several types of consultants participated in the deselopmental conferences. college or uni-

versity mathematics educators, mathematicians, dassroom teachers and intcrested lay (iti-
zens. The objectives had to be acceptable to these groups. The mathematics experts gener-
ally had to agrec that the objectives were worthwhile and important to assess. The
dassroum teachers had to consider the ob]mtlhs to be desirable teaching goals in most
schools. Finally, the objectives had to be considered desirable by the lay citizens. The lay
group, including parents and others with an interest in ceducation, had to agree that an ub-
jective be important for America’s youth to achicve and that it be of vaiue in todays
socivty.

The wbjectives wore vrganizad into a content-by -process matrix (sec Figure 1). This matrix
resembles the dassification scheme dovedoped for the first asscssmont and was used eaten-
sively in the desdopmental process. Fewer, but more inclusise, content and process head-

ings in the matrix for the sccond assessment resulted in fewer el The complicated task

of cxerune dovdopment was subdivided into units corresponding to the cddls of the matris,
, The cells wore waghted in proportion to thei ir importance. The number of oxentises to be
assessed in cach ol was determined by the relatine weights, and roview and sclection were

done by cells.

After the initial objectives matria was descloped, an advisory board was formud tg give di-

. rection and advice to the National Asscssment staff for further rifinement of the objectises

and the development of the assessment. The six-member advisory board included three
unisersity mathemafles «ducators, two mathematicians and a rpathu:natig.s teacher. This
board was instrumental in organizing the final sct of objectives, planning the dosclopment
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\ FIGURE 1. bbjectivestramew:ork for the Second Assessment

PROCESS " CONTENT
‘ ‘A, ° B C. D. . E.
. ) Numbers Variables .Shape, Measure- Other
’ and -and - Size-- - -ment____TTopics

Numera-< Relation- and
tion ) ships Position

—

¢ 1. Mathematical
knowledge

1I.  Mathematical
skill

.  Mathematical
understanding

.

IV. Mathematical -
application

The first task of the advisury board was to revies the new objectives matrix and put it into
final form: The board and NALP staff ¢ thought the objectives should be used as a plan or
framework for exerase development and for reporting. They thought a reporting scheme
should exist prior to excrcise desclupment to help organize and improve the comprehen:
siveness of the sccond assessment. The advisory board devised a set of que stions that re-

lated to cach of the four cognitne processes (know ledge, skill, understanding and applica-
tion} described m Chapter 3. For example, under mathematical skills, onc of the questions
was “How wdl can students perform wmputatnon’" Under mathematical applications,
one of the questions was “How well can students solve typical textbook problems?” Each
series of questions was intended to be “answered” by the results from the assessment of a
set of exercises. This planning helped insure that the questions could be adequately cov-
ered by the assessment. These questions and more detailed information on the objectives
appc. ar jn Mathematics Objectives, Second Assessment (1978).

While the ()b)(‘t.tl\cs were being formulated, conferences were held to discuss special top-
is reflecting current trends in mathematics education. A sp«ual topic that received con-
siderable attention was the measurement of attitudes tow ard mathematics. Attitudes were
not measured during the first mathematics assessment because of the difficulty of develop-
ing adequate excrcises. However, consultants for the sccond assessment cmouragcd the
development of attitudinal exertises, and an cffort was made to develop such measures.
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Assessment Results and Reports

Approximatcly ore-third of the cxercises from the second assessment were released, many
of them appearing as ('XJmPI(S in four reports on the results of the sccond assessment. The
reports, reflecting the ob)utms matrix, are Mathematical Know chge and Skills (1979), Mathe-
matical Understanding (1979) and Mathematieal Applications (1979). A fourth report, Changes in
Mathematical Achiesement, 1973-78 (1979), disCusses the changes in mathematical achieve-
ment during the five years betw cen the first and second awscssments.

The teat of each released exerase and auumpan)mg documentation mdudmg sclected re-
sults can be found in The Second .Assessment of Mathematics, 1977-78, Released Exercise Set
(1979). Summary data augmenting the four sclected reports mentioned above appear
Mathematis Technial Report. Summary Volume (1980). This report includes information on
mean performance levels on various sets of items for the nation and various population
subgroups A detailed description of the developmental proce..s, sampling, data collection,
scoring and data anal)sls can be found in Procedural Handbook. 1977-78 Mathematics Assess-
ment ()y80). For rescarchors who are intcrested in doing further analyses of the assessment
data, .latfl tapes containing respondent-kovdd data for all excrdises in the sccond asscssment
sare available.!
_ S ~

In addition tu the reports produced by National Assessment, interpretine articles aimed
primarily at tcachors wore written by a pand of mathematics cducators from the National
Coundil of Tea.hers of Mathematics (NCTM). The NCTM panel presented summarics of
its findings -in the April 1980 issuc ufThe Arthmete Teacher and the May 1980 issuc of The
Mathematics Teacher. Succccding Istes contain bricf artidls un spe uﬂ tupics, suggesting
ways mathumatics teachors mught use the mplications of the results in their teaching.
Titles of these armln appear in the rforences listed at the back of this booklet.

Data tapes an avasdable, at a charge, throagh the Department of User Sorvicos, National Assessmont of Fdua-
tiopal Progress, Smte 700, 1860 Lincoln Strect, Denver, (.'()Inr;adn 8o29¢
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. CHAPTER3 - °
THE THIRD ASSESSMENT »

OF MATHEMATICS (1981-82)

&

. .
The derelopment of the objectines and assessment o reises procgeded along lines deseribed
i Chapter 2. College or university mathematics cducators, machematicians,. dlassroom
teachers and intercsted lay atizens contributed their views to the devdlopment of objec-
tives and assessment exerdises. A ninc-member advisory committee was instrumental
reviewing the objectines and gning guidance throughout the dovdlopmeéntal pro:css A list
of the advisory board membcrs and consultants who aided the dosdopmental process ap-

pears in Appendix A.

The objectives for the third mathematics asscssment are based on the framework used for
the sccond assessment, with some revisions that reflect current content” and trends in
school mathematics. To update the objectives, numcrous mathematicians and mathemat-
ics educators reviewed the svum(wu nt objctives and made suggestions for revi-
sions and new content. Tl
) : —— )
s

The vbjectives framework uses a__tmmlimm.siunal content-by-process matris Tor organiz-
ing the objectives tsec higure 2). One dimension includes fise process loseds and the other
dimension includes sia wontent areas. Attitudes toward mathematics, ability to use the cal-
culator and computer literacy (which were considered *special topics™ in the last assess-

ment) have been incorporated into the matrix for the third assessment

Content

The content duman for the third asscssment of mathomatics draws primarily from the
wurrent curriculum of ome ntar}.Antl .s\umddr) schouls, d|t|1m.gh sumy projection of
futurc mathematies cmphases 1s acknowledged tfor cxample, asscssment of prol;lkm solv-
ing strategies, use of caleulators and computers). Mathamatics up to, but not including,
caleulus is included in the assosstnent oxercises, which are dassified according to the six
content categories shown in Figure 2.

These Lontent categories help to organize the domain, bu%gn nut intend d to e repre-
sented equally in the asscssment. Each is discussed below.:
b

12

J e
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\ ,flGl-JRE 2. Objectives Framework for the Third Assessment
_PROCESS CONTENT .

; Numbers and Numeration

A. B. C. D. E. F. ‘

: Numbers Variables Shape, Measure- Statis- Technol- =

. . and  and Size ment tics/ ogy

Numera- Relation- and Proba- ,

tion ships  Position bility B

'I. Mathematical 1 . 1

. knowledge ;

11 Mathematical i

skill ‘ .

L Mathematual - . Cod

’ understanding o :

% [V, Mathematical a :

- - application and :

problem solving| ° ‘

g V. Attitudes .

f toward

b mathematics ‘ T

e ;

Yoo f
¢,

This category contains the largest number of exerises because of its importanc in the
curriculum. Exercises deal with the ways numbers are used, processed or written. Knowl-
_edge and understanding of numeration and number coneepts are assessed for whole num-
‘bers, common fractions, decimal fractions, integers and pereents. Considerable emphasis is
placed on operations. Number properties and order relations are also included. Most of the
exercises meluded here are to be done with paper and pendil; however, fn some instances,

oo

g, L

~s,

: students are asked to usc other computational methods such as mental computation or
! estimation, Lxercises mcude typical one- and two-step application problems, nonroutine
pmblcms and consumer problems. Nonroutine problems are exerdises not normally taught
or. encountered in the curriculum, but understandable to the age group. Consumer prob-
l'erq’s deal primarily w lth the uses of mathematics in commercial situations (for example,
thc mathematics needed for bu)mg and selling, mdudmg loans, percent, ‘dlscoun;, finance

e
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charge and reading advertisements) and are emphasized more at the 17-year-old level than
at the gwo‘ younger age levels.

An important new assessment categor) \\lthm numbers and numcratloﬁ -stlmatlon
There is an increasing need for students to be able to make good estimates. With the wide-
spread use of the calculator, students need to be able to check the reasonableness of their
answer by estimating. As consumers, they fawd daily decisions requiring estimation skills.
Tuo types of vstimation skills are assessed. computational estimation (which involves
working with numerical data alone) and application estimation (which requires working
with numerical data embedded in a real-world context).

To encourage students to estimate rather than use paper and pendil, vniy a fow secunds are
allowed to complete cach cxenise. Additional infurmation un the assessment of estimation

is included in Appendix B.

<

Variables and Relationships .

The use uf variabls and nrlatonships curresponds to an important part of the u.hooI/ :

mathematics curriculum, The exenuses asessing skills in this ana deal ath the recogni-
tion of facts, definitions and symbois of algebra, the sulution of vquatins and incqualitics,
the use of vanabhs to e prosent prublem situations and Jements of 2 number system, the
«.\alu.:tio{) and inturprctation of funcuons and furmulas, the graphing of puints and hines
a woordimate system, the use of cxponential and trigonometric functions, and lugic. Ther
are wen fow oxeruses appropriate for g-year-olds in this categony, and only a fow tupics an

_appropriate for t3acarolds, However, most oxCriises are appropriate at the 17-year-old
pprop 3 pprup )

level, where students have had the upportunity to study algebra,

. -

Shape, Size and Position

The «xeriises in tlas content catcgony measun ub]utl\n related to school geometry. The
¢mphasis n the asscssment s not on geometry as a formal, deductine system, Rather, the
excruses cone mn plance and solud shapes, congrucnce, similarity, proporties of triangles,
prupertics of quadniate rals, comtructions, stetions of soluls, basi. theurms and rlation-

ships, and rotations and symmetry. .

Mecasurement

2

.

The moasunment oxeruses coser apprupriate units, cquisalonee rlations, instrument”

reading, length, weight, capaaty, time and temperature, perimeter, ara and volume, non-
2. ¢ 8 padity P P




i, .. stanilard units, and precision and mterpolation. A substantial number of the measurement
3 . .excreises require the use and understanding of metric units.

. “This content arca reflects a greater emphasis on statistics and probability in the school
- .mat}ic:-matics curriculum. The exercises assess collecting data; organizing data with tables,
t :charts, graphs, interpreting and analy 2ing data, drawing inferences; making generalizations;
- using basic ‘Stgtistim;prcdicting outcomes and determining combinations.

N

Sevie

- 7 Technology

The impact of new technology on school mathematics is measured in this content anca by

§

#  assessing the use of the caleulator and computer literacy.

: Calculator < .
. '

- The mereasing avatlabihty. and pupularity of caloulators has made it important for National
X Assessment to gather infurination on their use by students. This was begun in the 1977-78
: matheniatics assessment.

; Five categones of exviunes are wdentfied for assessment. They ane (1) routine computa-

. tion, (2) mon difficult computations, (3) unde rstanding concepts, (4) exploratipn and (s)
apobication or pmblem suhving. Sume caleulator activities such as undurstanding and explo-
ration anmor: appropriate for mstructional ust in the Jassroom and are not emphasized
i the assessment. Thus, of the fins catvgorics of (xentises, computation, nonroutine com-

. _putation and apphaation an maasunad in the gratest depth. Additional information on
. thvse categorices can be found in Appendix B.

Computer Literacy

-~ -

An increasing numbx r of schouds have computers or computer trrinals available for stu-
. dents” use. Ths led National Asscssmnt to_ begin collcting computer literacy data in the
1977-78 mathematics assessment. v

*

Thirteen- and 17-ycarolds an asked to provide background information on their experi-
! ences with computers. whether they have access to one in their school, what programming
3 Janguage and computer topics they have studied and what specific activitics and problems

' ERIC
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they ha\c solved usmg a mmputa The assessment of computer literacy mdudn measures

of students” attitudes toward the uses, effect and role of computers and thir knowledge of
specific terms, flow charts or BASIC programs to determine the output. |

A summary outline of these content categories is provided in Appendix C. The desined
approximate: percentages of oxercises by content category and ag group an shown in

Flgu r3 .

FIGURE 3. Percentages of Exercises by Age and Content*
. i

. ] Ageg Age 13 Age 17

A, Numbers and 40% 40% - 359
numeration

B.  Variables and © 10 20
reiationships

C. Shape, size and 7 10 0 10
pasition

D.  Measurement i I 10 g

" k. Probability and § $ 10

statistics )

FE. Technology - 10 10 10

*These prroentages.do not add to 100% because the atntudingl exerases are

not included.

-

¢ 5w

. Process

b

. ‘-. .
. . (- + N .
The process domain for the third assessment has fise cat gorics, as shown in bigure 4.

Like the content domain, the process domain can be used to dassify cither objectives of
mathematics instruction of ¢xcrdises to assess the karning of mathematics. Although cach |
category suggusts a type of mental process, ne ither ub)( ctives nor exerciss falls ny atI\ mt()
a siugle process category — if only because the process has to be inferred, and dlﬂl-n nt
students may use different provesses or different combinations of processes. Arbitrary dedi-
sions must be made in using any system of process categories, Such a system s helpful, ,

,[mc ‘
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iversity -possible within a gi:\'c'n,. 'cél’ftcﬁ,g

"Mathematical. EH?V‘};]?d\‘?‘{}?fe«m to the recall and -recognition of mathematical ideas ex-
. présséd;in'words, symbols
memory processes. It do

-
.

FIGURE 4. Percen
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I ~Mathematical 15%

knowledge
Mathematical
skill

26

Mathematical T2

understanding

1L

Iv. Mathc_:matical

application

V.

10

A’titudes toward
’iaathematics

SN

N
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‘Exercises that assess maihcmatic.al know lcdgc’ require that a student recall\gr recogni'l_z- on¢
.. ormor items of informgtion. An example of an exercise involving recall w o‘i\i\lq be one that

..asks for a multiplication fact such as the product of five and two. Another example would
be an exercise asking for the statement of a mathematical relationship such as ?}j&law of

cral symbols and asks which symbol means ‘:parallel.”

" Mathematical Skill
. ) >
§
Mathematical skill refers to the routine manipulation of mathematical ideas and relics on
-algorithmic processes that are standard procedures leading to answers. Exercises assessing:
* mathematical skill assume that the required algorithm has been- learned and practiced.

t

RIC
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figures. Mathematical know ledge relies, for the most part; on, )
\ not ordinarily fequiré any other ‘more complex mental: L

' . . . " Ny
cosines. An example of an exercise involving recognition wouldbe one that presents sev-
g ! eseity sev=

-
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¢ 7 “:Exercises that assess mathematical application and

H
¥
-
%

%
b

" “thé algorithm to"a néw situation. Such exercises aim at micasuring proficiency in carrying . .

g

‘out the-algorithm rather than undcrstanding.hm\ or why it works. .Mathematical skill° is
asscssed by exercises that require the performance of specified tasks, such as making mea-

o ek

‘suréments, multiplying two fractions, performing mental computations,.graphing a lincar - _
cquation or reading a table. , L
b L N K

 Mathematical Understanding

~

Mathematical undcrstanding refers to the \‘xplanation'and interpretation of mathematical :

knowlcdgc and relies prima‘rily on translation processes. The mathematical know ledge can
" be expressed in words, symbols or figures; and the translation may be within or between :

;my of these modes of expression. Math\cmatical undorstanding involves memory proccsses.'

of associating onc item of knowledge with another.

LI

>
1

- - = ?
Mathematical understanding may also require judgment in selecting the appropriate uses of
different tools or processes. For example, students should understand appropriate timesto .
use a calculator, computer, estimation or paper-and-pencil computation. , :

-~

x

¢
¢
~

Exercises that assess mathematical understanding require that a student provide an expla-
nation, an illustration for one or m. re iterus of know le(rge or the transformation of knowl- ..
édge. They do not require the application of that know ledge to the solutfon of a problem.
An example of an_exercise involving explanation is one that asks w hy a-certain graph is not
the graph of the function. Exercises involving transformation might ask for a draw ing of an .
array to represent six times seven or ask for an equation to rppresent the information in a ;

word problem.

N

Mathematical Application
. - and Problem Solving

i

Mathematical application and problem sohving refer to the use of mathematical knowlcdgc,

* skill and undcrstan(ling in solQ'ing both routine and nonroutine prohlems. Mathematical

" - application and problem solving rely on memory and algorithmic, translative and judgmen-

Atal processes. The student is not told how to solve the problem; reasoning and decision-
making processes must be used. -

s

problom sol\-iug require a sequence o{f ¢
*processes that relate to the formulation, solution and interpretation of p'roblcms. The pro- ‘
vesses may include recalling and recording know ledge, selecting and carrying out algo-
rithms, making and testing conjectures, and evaluating arguments and resylts. . -

- Exercises assessing mathematical application may vary from routine-textbook prohlems to
N A ~,
(€) ] . " i ¢ )
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_.exereises dealing.with mathematical arguments. An exercise might require the solution ofa
- standard problem or proportion, the demonstration that two geometric figures are con-
. _gi'w:nt‘ an estimate of the amount of carpet needed for a room, or the formulation of a

'pib'lricm, given a graph of statistical data.
L4

+ Excrcises assessing problem solving require the use of strategies in solving nonroutine

:problems. Students may need to be able to use such strategies as drawing diagram's, trial

anderror, modeling, simplification and estigpation in order to correctly solve the problems. =

-

©
-

S -

»Attitudes Toward e~ .

“National Assessinent assessed attitudes tow ard mathematics for the first time during the
second assessment in 1977-78, and these excrcises are reassessed in the third mathematics

. assessment. Five categories of attitudinal measures were developed: (1) mathematics 'n

school, (2) mathematics and onesclf, (3) mathematics and socicty, (4) mathematics as a dis-
cipline and (¢) attitudes toward computers. These cagegorics were not developed as scaies
but rather as sets of exercises with related content. Additional information on the assess-
ment of attitudes appéars in Appendix B. ' . '

» ire i -l » g »QY, . » 1S . \J g = » ?
The desired approximate percentages of exercises by age group .a.nd process category are

shown in Figure 4.

[

Questions To Be Answered
by the Assessment
&%
in the development and selection of cxcrci:scs for. the assessment, care was taken to assure
an appropriate balance of emphasis on boththe content and process dimensions. Achieve-
ment of this balance was facilitated by a set of questions organized according to the cate-
gories of the process dimension. The questions were based on the combined priorities of
the inEcrcstx:,(I public, mathematicians, mathematics educators (including téachers) and

cducational administrators. .

. -Mathematical knowledge
-a x : -

1 . '
A, How well can students recall and recognize facts, definitions and symbols?

[N N

1. Mathnjmatig-al skill

NS
s,

A.  How well can students perform paper-and-pencil computations, including




computatlons W xth whole . numbu's lntcgcrs fract:ons decimals, pcmcnm\
arid‘ratios and propoﬂlc)ns’

-How well can students perform algebraic mampulatnons’

How well can students perform geometric manipulations |Il\c constmuaons_
and spatial visualizations?

How well can studerits make measurements?

How: well can students read graphs and tables?

How well can students compute statistics, probabilitics or combinations?

How well can students perform mental computations, imludir;g Lomputation
with whole numbers, fractions, decimals and percents?

How well can students estimate the answers to tomputations and
measurements? ' -

Py YN

How well can students p(rform computations involving whole numbers,
(Icumals fractions and percents using calculators? .
Hosv well can students read flow charts or basic L0m|)llt0l‘ programs? _

-

Mathematical understanding

?
.

A How well can students translatc a verbal statement into symbols or a figure,
and vice versa? .

B. How well do students anderstand mathematical concepts and principles?

C. How well can students select the appropriate uses of'c:)mputcra?

D How well can students sclect an appropriate computational method such as

paper and pencil, mental, estimation or caleulator?

-

IV.  Mathematical application

A Hm\ well can students solve routine textbook problems?

B How well can students solve nonroutine problems?

C." How well can students apply problem-solving strategics?

D How well can students estimate the answers to application pml)lcms'
How well can students interpret data andd draw conclusions?

k.
F How well can students use mathematics, including logic, in reasoning and
making judgments?

G. How well can students use a calculator to solve application problems?

3
Attitudes

How do tudents feel about the mathematics they encounter in school?
How do stu(lcnts feel about the various activities in mathematics lasses?
How do studcnts feel about their personal experience with mathematics?
What are students’ bdlcfs about the nature of mathumatus as a discipline?




E.  What are students’ belicfs about the value of mathematics to society?
E What are stidents’ beliefs about computers?

«

bt i,

The deve o.lopmcnt and selection of exercises is pnmarll) organized around these questions,
~which express the main objectives of the”third mathematics assessment and will serve to
-organize the reports of assessment results.

'Io answer these qucstlons as comprehensively as possible, sets of related or “nested” exer-
cises appear in the assessment. For cxamplc the same numbers may be used in a computa-
tional excrcise and in an application exercise, or identical data may be provided in several
-different formats, or an intermediate step in a multistep problem may be assessed sepa-
rately in ancther exercise. Nested exercises are an attempt to identify the mathematical

)" :processes that cause students difficulty.

2 EA s v,
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APPENDIX B

- DETAILS OF OBJECTIVES FOR THE .
THIRD MATHEMATICS ASSESSMENT - N

£Y
For the interested reader, more information is provided here on certain assessment topics
in the third assessment. Topics include assessment of attitudes, the calculator and estima-
tion skills.

Attitudes

The attitudinal measures included in the third assessment were originally developed for. the

second assessment and will be reassessed to provide information on changes in students’

attitudes. Live categories of attitudinal measures were developed.

. 4 N
The first category, mathematics in school, consists of exerciscs assessing attitudes toward
the mathematics courses students have zacountered in school. Subcategories of exercises
include a school subject comparison, questions about the frequency of varios classroom
activities and students’ attitudes toward those activities, and a breakdown of mathematics
content activities. :
The subject-coraparison exercises list the most commonly ¢ncountered school subjets
(e.g , science, mathematics, social studics) and ask respondents to rate cach subject on the
basis of whether they like or dislike it, whether they find it casy or hard and whether or
not they vicw it as important.

Students are presented with a list of activities that might occur in a mathematics classroom
and are asked to indicate how often (often, sometimes, never) they have participated in
such activities. They are also asked to state whether they like or dislike cach activity and
whether they find the activity useful in helping them lcarn mathematics. Typical exercises
are the following: >
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Last year in your mathematics-course how often did you

- - w

A, awatch the teacher work mathematics problems on the board?

e
~»

T 1

1 Ity

B.  getindividuil help from the teacher on your mathematics?
Sometimes .2

,

Often
O

’ Often .. Semctimes Never
»'\ *

Never

EES

e

& helpaclassmate do mathematics?

Sometimes

LD

"Often .
o

Neser

o.

v

c 3 EI
Voo N ba b T A aabiiiea b s trwn e

\
e

3

X
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L :
L How do you feel about cach of these activties in learning mathematics? First, how much do %
H ) you like or dishke them? Second, how useful are they in learning mathematics? Indicate your a5
aw fecling by fiiling in one oval on cach line. G
L A.  Taking mathematics tests :
3 ? 3
i Like A Lot Like Undecided Dislike 2 Dislike *y
oo, ‘ A Lot E
D O O O ., O
&'fw A "é
1 _t:Very Useful Useful Undecided Not Very Useless o
1 . \ . Useful
N B = o o o O :
o - ¥
Z T B.  Doing mathematics homework k
Like A Lot Like Undedided Didlike Dislike .
W A Lot :
: .o o o o =
: . d
ST Very Useful Useful Undecied Wot Very Useless | §
i \ Uscful

L O S o o .

i

o .

S ’ .
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‘Respondents are also given a list of content activities and asked to respond on an impor-

tant/not-important, casyfhard, like/distike basis. A sample exercise is:

How do you, fecl about cach-of these mathematics activities? First, how important are
they? Second, how casy are they? Third, how much do vou like them? Indicate your

fecling by filling in one oval on vach line.
ng . > —

CA Solving word problems
Ven® Important - U-ndccidcd Not Very Not Important
. Important . Important AcAll
O O O - <O
- Very Easv ) kaw Undedided Hard \.’n.-r‘\‘ Hard
O N ) O <O L
Likelt  Likell ©  Undecided  Didike It Didlike It
Alot A Lot
<o O o O o
B. \\'()rking with fractions
Very Important Undecided Not Very Not Important
Important “ . Important Acall
i o) O O o ,. O
,  Very kasy . kaw Undecided Hard Very Hard i
o O L O O
Like It Like It Undecided Dislike It Dislike It
Alot A l()‘t
o o o o o
C. kstimating answen to problems
Very Important Undvecided \ Not Very  Not Important
Important Important At All
) Very kasy kawy Undecided * Hard Very Hard .
: - O SO { ] O
Like It R Like It Undecided Dislike It Dislike It
Alot A Lot -
. Py o o o o
2
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‘Exefcises-within the “mathematics and oneself™ category assess a respondent’s perception
relation to mathematics. Diffefent attitudinal components such as

.of himself or hersclf in
reflected in these

anxiety, motivation, sclf-concept and enjoyment of mathematics are
- Likert-type exercises. A sample excrcise follows: ... . )

- .

" This excrcisc asks how you feel about mathematics or mathematics activities. There are no

- comct anshers. The answer choices are “True about me;" “Sometimes true 4bout me” and

#Not true about me;” For cach part, choose the one response that best describes how you feel
about the statement. Besure to fill inone oval in cach box. : -

= o

~
A. " Mathematicsis bBring for me.

-

P . - True Abou! ,Sometimes True Not True
Me ° About Me About Me
o o

B. [lusually undéntand what we are talking about in mathematics.

o

s Sraswr pade

.o

o

: “True About Sometimes True Not True
Me ¥ About Me About Me
o o : o

Doing mathematics makes me nenvous.

¢
_ True About Sometimes True Not True
i Me About Me About Me
o O < .

The four examples above are for 9-ycar-old§. For 13- and |7-)‘car-olds,'thc exercises have

five response options, from “Strongly Disagree™ to “Strong]y Agree.”
The “mathematics and society” category reflects two major concerns: the value of mathe-
matics to the individual as a member of society and the value of inathematics to society in
gcncral. Likert-type exercises are designed to assess attitudes toward both the uscfulness

and importance of mathematics to society. A typical exercise follows:

This exercise asks how you fecl about mathematics or mathematics activities. There are no

correct answers. The answer choices are »Strongly Disagree.” *Disagree,” “Undecided,”

“Agree” or **Strongly Agree.” For each part, choose the one response that best describes how
you feel about the statement. Be sure to fill in onc oval in cach box.
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A, Most people do not use mathematics in their jobs.

-

Strongly Disagree Undecided Agree
Disagree .
o o L) o

Strongly
Agree

~ B, .lwauld like to work at a job that lets me use mathematics,

‘Undecided

Strongly Disagree . Agree
Disagrcc -
o L) O o

éategory. Items such as the fol]owing are ingluded:

* you feel about the statement. Be sure to fill in oneoval in each box.

S A ’
Attitudes toward mathematics as a field of study are-the focus of the
““mathematics as a discipline” category. Students’ views toward mathemat
 tive or compartmentalized subject, the status of mathematics as a fixed or changing subject
> 7 and mathematics as a process are among the different aspects of attitude assessed in this

This exercise asks how you feel about mathematics or mathematics activities. There are no
correct answers. The answer choices ane “Strongly Disagree,” “Disagree;” “Undecided,’
“Agree™ or “Strongly Agree” For each part,.choose the one response that best describes how

exercises in the
ics as a cumula-

A, Mathematics is made up of unrelated topics.
[

Strongly Disagree Undecided | Agree Strongly
Disagree ' Agree
B.  Mathematics helps one to think logically. .
~ - Strongly Disagree undccidcd Agree Strongl);
Disagree - ) Agree
;’t O o L L [ ¥
C Doing mathematics requires lots of practice in following rules.
Strongly Disagree Undecided Agrc'c - Strongly
Disagree , ) Agree
[ -] -] [ o] L L )
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Calculator

?g;}_ . rLike the assessment of attitudes, assessment of the use of the calculator was first done dur-
2" . . . . . . - -
3. . - sing the second mathematics assessment. At that time the increasing availability and popu-

..o Jdarity of calculators made it important for National As . ssment to collect information on

- irifluence the mathematics curriculum in the United States.”

]

. L ¢ ’

Several coi;fcrgn_cus were organized by Nationat Assessment to discuss the place of the cal-
- .culator in-the second mathematics assessment. The pa'i’ticipants at these, conferences iden=
tified five categories of exercises for w hich calculators might be used. These categories are:

. ., ,

¥

i
.
’ .

e prpppeseiy

Ve
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Rov:ine Compdtation — This category includes t)'p?cal computations with whole
numbers, decimals, fractions and integers that are routincly taught at a partiuular

agc.
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2. More Dyfficult Compugations — Students might be asked to perform diﬂ'i.cult computa-
tions or computations for which algorithms have not been formally taught. For
‘ example, 9-)'car-ol(ls might be asked to do computations w ith decimals or difficult
division problems. Thirtccn-ycar—olds might be given chaining operations or
conversions between fractions and decimals. Students at all ages might be required

L

.

e yp e g

use larger numbers than they are accustomed to working with. Thirtccn-ycar—olds
might work problems involving percent, unit pr'icing and ather more difficult word
problems. Seventeen-yearolds miight be given a variety of realistic consumer prob-
lems as well as exercises dealing with mathematical formulas.

In an effort to collect data on the use of the caleulator, as wide a variety of topics as possi-
1o was assessed. Although it was égrccd that the five categorics should be assessed at cach

e

LI X
9

wglzi T N )

* = their use by students. The small, inexpensive calculator has the potential to dramatically .-

3

¢ to work with very large numbers or complicated decimals that would make compu-
o tation without a calculator tedious. .

L . : :

‘. . Understanding Concepts — Nine-ycar-olds might use the calculator to learn tnore
’ about place value, and 13-year-olds might learn estimation for order of magnitude.
PN Seventeen-year-olds might use the calculator to facilitate learning order of opera-
§ . " tiops, approximating square roots, graphing functions and understanding propcrtics -
- of functions.

;‘ . s > .

z ‘4. Exploration — bxercises in this catcgor'}' might deal with topics in number theory
including series, summations, patterns or divisibility pml)lcms.

:C , . k3 ’

i. 5. Apphcanons and Problem Solving — This category includes routine and more difficult,
é word problems and also multistep problcms. For 9-)'car-ol(ls‘ somt problcms might

> .
et
v Loy e . -
. oA . .
O T 3 00 N e R St 2 7 T MAL NS

R
ERN

S

-
AT
AP Buprle mprte

R
At L,

PP T A3

=t

2
S

PR




.
w“

. e

of thc thice 2 age, groups, practlcal conisiderations lmposcd l|m|tat|ons on' what could be
asscsScd Some activities using the calculator (especially understanding. and cxplorauon ex-’
. ercuses) are:more. appropriate for mstrumonal usc.in the classroom than for an assessment.
“Thius, of thc five categories of exercises, catcgoru.s 1, 2and § were measured in the grc.atcst

depth o ‘ . o

o, . L .- -
Ché“ test-booklet comprising approximately 20 exercises designed for calculator usage was . -
adfﬂ_ nistered at cach.age’ Students were required to use a éimp_lc four-function calculator
_after Bcing given'a minimal amount of instruction on howthn calculator is used: These ex-
eruscs are- diffi cult or too tmc«consummg without a_calculator. Many of the exercises in.

_each calculator test booklct appcarcd again in another booklct for the same age group. This : ,

" allowed co jmparisons ofpcrformancc with and without the Lalculator o i

- oy . - P “)'

:, I:ach student answ crcd background questions regarding his or her experience with caleula-
i o tors Thcsc bac.kground questions asked how often thc student has used a c.alc.ulator, if the "
?: studcnts famll\ owns one, in what sahool casses the student has used a calculator and 31
what prcrlcnu-s with calculators outsndc of school the scudent has had. :

-~

- -

. Estimation .

- ki

. Y - - —— M - Q»-u:

Estimation has long hu.n recogniced as an important mathematical skill. Thl W |(lmpr¢.ad
use and availability of calculators places additional importance on computational estima-
tion skills. Because it is casy to make a key-stroking SLCAY hen using a caleulator, students
need to be able to estimate the magmtudt uf an answer or recognize the reasonablencss of :
results. i I

» -

T\\o types oftstlmatlun skills arc assessed. u)mputatmn estimation (w hich imolves work-
_ing with numgrical data alonc) and application estimation (which requires working with
" numerical data cmbuidcd in a real-world conte xt). The prerequisite skill of me ntal compu- ,
- tation of exact answers is also assessed. . :

Most estimation exercises indluded i the assessment requirc estimates using whole num- ‘
bers, but some exerdses indude decimals and fractions. The four uperations (ad(lltlon,
"subtraction, multiplication and division) are rpresented, and soveral prublems require
- knowledge of percent. '

&
§
3
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Both opcn-c.ndgd and multlpla -thoice exerdises are assessed. For open-ended exerises,

B

T b g 083 g
PO an

‘3“ scoring guides indicating au.cptablc response ranges have been constructed. Generally, :
&7 three dategories of responses are considered acceptable. (1) exact answers, (2) very dlose.
. _estimates and (3) reasonable estimates. The mtcr\als for \hese guides were determined by . 7 G

. analymg fi t.ld-tcst results, '
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Sample exercises for.computitio

estimation are:. ..
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S Sariiple exercises for application estimation are:
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&
An effort will be made to relate the arithmetic rcc}uired in the mental computation exer-
cises with the arithmetic needed in the computation and application estimation exercises.
For cxamplc', a mental computation exercise might be 20 x 0. The related computation

- ‘estimation exercise might be 19 x 42, which the student would probably solve by rounding
each, number to the nearest 10. A related application estimation exercise might ask stu-
dents to estimate the area-of a rectangle with a width of 15 and a length of 42.. By embed-

ding related or identical numbers in different types of problems, more information can be
“obtained on students’ estimation skills.
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APPENDIX C
- CONTENTOUTLINE —

o
g

"+ :Numbers dnd Nurmeration oL Y

“ o v

A S R 2E COR Bt Yo

4 TR } : R ) 3 i
i T '»Ni{rﬁérﬁtién {whole numbers, fractions, decimals, p_crcc:\t. integers, scientific :
IO ‘ notition) * 4
A 2. Number concepts (ihole numbers, fractions, decimals, percent, integers) $
- ] . ‘
3. * Operations (whole numbers, fractions, decimals, percents, integers) o

e

4 Mental computation . o

. :

n

R Y T DL Rt

[ Estimation

6. Propcrtics

-

e

7. Relations ’

v
1

" - B. Variables and Relationships _ '
1] - “f

i Facts, definitions and symbols .

h - - 3 M . .o . N ¥

2, Use of variables in cquations and inequalitics (solutions, vquivalences and )
translations) ) :

¢ !

' - £

¢ & 3 Operations with variables . - .2
!

4 " Use of variables to represent elements of a number system

5. Functions and formulas ) °

.

PR I A TR

Coordinate systems




Shipc, Slzc and Posmon
’.; - 1 Recognmon of ﬁgurv.s .
2. Constrictions and drawings

LIRS Visxia)ii_atiofr (static and dynainic) .

~ P . N
N -

4 Recognmon of relationships (congruence, snmllamy and symmetry)

.

5. id_entiﬁcation of propcrtics fom given visual mformmon within, between or-

: among figures

6.  Relationships involving classes of figures .

7. Definitions, postulates and theorems (recall, inference and applicatibn)

Lo - r
4. D. Mecasurement )
N i ) e
s 1. Unit (appropriate size and type of unit, unit equivalents, conversions within a
system) .

2. o Instrument reading (English and metric rulers, scales, thermometers,-clocks,

. etc.)
. o .
3. Lincar measure (including nonstandard units)

4 Area, perimeter and volume

s. - Precision .

- . ’

6. Estimation of measurements

* ‘

... .E. Prof)abxht and Statistics
- Y g )

L3

-

" I Orgamzmg, dnsplaynng and interpreting information (tallies, graphs, charts
and tables) L

v : : C e

R T UV PV e .
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-Measurés of central tendency (mean, median, mode)
- " '
Measures of spread and position (range, percentile, standard deviation)

Sampling and polling

Probabili‘ty‘ (simple, éo'mpoun'd and indcpcnde}lt events; odds)

REp ey K
i

Combinations and permutations
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Technology
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1. Hand'calculator

- .
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Computer literacy
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